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ABSTRACT

Tile objective of this work is to study the effect of the relative densitiespf the

co~lponentsin f1uid-solidmixtureusingfbe fbrmut.ationpresentedinlonnsonetal,(] "lJ ] b) Th : " h ' d' t."-A ' id t.~ ffit. ' b "
77, 3,. emlxture t..eorylsm<> lJw to mc u'e tI.~ e ecto uoyan~"Jprces;

f'(}rthis purpose we intr<>duce a term, A6 y grad!?, in tile m~cJ)~mca1 interaction
bet~..een mixture components. Whencoefficienf.A6 is zero,wereCQver tbercsults
presented In Jobnsonet al, (J991 a,b); 1t is e:xpected to sec se:ttling of the: solid
particlC'S1owardthe lower plate: which isnor~lyre:lat~t() too"bl.loyancyetTect" in
solid-fluid mixtures. .r.~qQations for two-component.. flaws are used t~ analyze
Poiseuille flow betweentwp para1lelplat~s.A reviewofth~ basic principles of the
rnixture theory is prcsented, 1'he equatiQnsfor the stress tensor of each component
of'1bemixtureuud tbeinteractions between the compon~ntsare given.. I;[ow of a
ffuid-solid t.nixturebetw~n..platcs isprescntedwith numeric8J...tnethodsand res\rtts.

1 I ~ TRO .~"'f&r ION.."," 11""'-'.1;

~iety of application$ for flow of mixtures in indust')"lave 
become the subj!,1l::t of extensive studies in the .la$ffewlid-solid 

nnxtures will refer to a fluid with entrained solidcan 

beeitncr a.1iquidoragas. Flu.idi~d beds, pneumatic
so.lidparticl~sare someoftne examples ofthef1u.id"$Olid

;pecially the flo\v behavior olfluid~particle mixtures in

SiI1ce there is a wide Vi
mu!ticomponenf. ~'YS1 cm s
decades. m.this paper, f

partic!.es,wherethe fluio
and hydrau!ic.transport c
T11ixtures in industry. E!
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2 B ' t Inggse a,

tran$pottjines bas been orinterestinulany chemical processes for many years.. For
example, a greafdeal of re$~archbasbeendevotedtotheus~ ot'coal-basedslurries
asreti:ofjt fue;ls. In gen~l, en1pirical relationsthatpredi~t, for example, the flOWlind
pressure drop in such processes have beendevelopedfotspecific..l'tt~\,.~ orsolldsand
fllrid properties asweU as for various geometries,

Anot"l~r area o(reselirch ~hich ha$ reteived~ttention is th~t oft.1..uidization..
th~ fluid, intimate

contact between the pattielesand the fluid is achieved. Hence, a bed offluidized
particles is an exceUentm~diufi1 for the transfer of heat or maSS between solid
particles and fluids" Flowing granular materia1shas also become an interesting area
for studies, since they represenLaLinuting ca$e oftwo.phasef1ow at high solids
concenti:ationand high so]id.to.t1uid dcnsity ratios. Many srtuatiQns, such as
discbargethmughbi.n outlets, flow through boppersand ehutes~ natural pnenO.Dlena
such as avalanches or debris flows present eballenging cases',. To fully describe and
predicttneflow andoohavior of these complex flows, different multiphllse theori.es
have been proposed and used As indicated by the extensive lit~rature, either
averagingormixture1beory is used tomodel.multicomponent systems.

The mixture theory was tirst presented within the framework of modern
continuum .D1echanicsby 'rruesdell (l.984, f992) who studied the interactio!)ootwoon
several constituents by generllnzing the ~uations and principles ofa singJe
cpntinuum. Tne fundamental. assumption in trns theory is tlmvnt any..Jnstanfoftime,
every point in space isoccupiCd by onepatticleftomeacllcq!)stituent. Both the!:?ries,
averaging and mixture require constitutive relations for the stresstensQrs ~d for
interaction betw~nco!1.1pont)fits,tQr th~caseof~ p1.lre\y mechanic<\{ problem w4cre
thermal, chefuical,o(el~ctro-magnetic: effects are not. considered? The historical
development ormixture.t.heory can be found in the reviewanicles py Atkin $nd
Craine (197.6),. Bedford and Drurohe.l1er (.1983), Bowen (1976), True$de.ll. (1.984),
Hbmsy et al{1.980), Ahmadi (.l980, 1982), Passman and Nunziato (.l986), alld
MaSSbt1di(.l986)wheresucblln apprbach for modeling flUid.soud systems bas been
used..

[xtur~o(fluid and Solid particles considered in this~aperjsassuroed to
:ch~nl\)aLSYStero~ tn:ermm effects and ChemiCal reactions arefnnored.. In, ~
Ilich iti$1ri 

tllat eaCh ofthecoroponents thatroakeup.themixture ~pre$entat
$pace, In other words, each point jn space is occupied bya particle
Mcnconstituent horoQg~niZed over tbe currentconfib1Ur~tion. The~tions~re 

writtenrorea~hoonstituent and1he inter:actionsbetween the:...g"tl1eoonversionofone 

cQnstftuentinto the other or the supply ofuro,andenergyttoro 

one conStituent to .the other, are inGOt1>9rntedintothroughan.appropriate 

constitutive theory, Mixture theoryha~been
".." ...I1pleroerned, 

through the works of RajagQpm, et at, l.nstQdymgflQW~gh 
clastic rubber and flQwthroug!i porQusmedia. For an cxccllentan(i

~wofthesejssues, the readeri~ referred totbebook by Rajagopal and

l'he~
be ap4f~l..ytl1
this tbeo!y, \

~ssumedaprii..
each pOint In

belonging to
govemmg OOti

constituents,
mass, momel1
the equations
successfullyu
offluidsJhrou
thorough rev
Tao (. 1995)
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4 $rigg$et $1.

() ) 0'c ' =;,P1,+ 
dw (PIVt " . [4),at

~n _\~

O~tC'.z,+diV(pz.v2J- Of- ($).ot

It is $sumed thitt th~.re.i~nomassc{).nversion b~tween twocompon~nts If
Tland Tz. d~ote partial stre$st..~n~QrsQfthet1u.id and solid, respectively, then ..linear
momentum equation~ become:

DiY1~

Dt
"" divTl +ptbj.+fl (6)Pl

D;lY;1
P2 -n

",1..

d' +"" b= IV T2'!?2 2 - {7)

where b represents the body force, W1.d ~.fepresents the mechanical intttrnctiot1
b&tweentbecompOt1ttnts. ThebalatlCeot'moment of momentum implies that:

Tlf T2""TfTTt (8.)

Tbepartiaf..stresses needfl()tbesymmetri(),
In themajorityornuid-s()lid nUxtures, the fluid is eitnera gas or water It is

appropriate to assu.I11etbat the fluid behaves as alinearlyvjsoou$flujd~With the
constitutive e:quati()R [Massoudi (.l986), Johrt$oR(.l991)}:

'ft"" 

(-p(Pi! +Ar(p)ttDrl..I+Ztft(P1!Dl, (9)

where pis the fluid pressure,lrand ~[arethevisc()sities, Di is the symmetric part of'
tbe velocity gradient tensorfor tbe fluid, and lis the idet1utylensOL If the fluid is
oompressib'e, then anelIllationofstate is needed for p

IIt,1re, it is a$sumed thaUh~stresstet1So{.t9ra granu.19r m9teria.1 is given by
II ' a i agop ~I and Ma " soud 'I(1990) o' ood 'man awd( "-ow ' I'n, -(1972) S. a A (1979)]'" 41 Vi. '.1.., c!,U~ !"'"..",..avg".

Ts=[Po
(to)

where .denotes~esca!arprqd~c~oftwo
tensorproduCLdftwo WctOtSc RaJagopal ItndMassOUQI(1990, 1994) have outlIned
an experimental/theoretical approacl1 to detetmtnethesemateriaLmoduli. In the
aboveequati.6n. ~tI is sin1il.arto ptessurein a compres$iblef!uid,~l and ~4 atetnc
material parameters akur.to
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momentum equation and it does nol~ppcar to becPfisistent with the mixt~retheory
formulation, There are, in general, few experiments that caQbe effectively used tor
modelli"g efforts. MoM of the experiments are done forthesedimentatioQproblcms,
HUatl~et al. (1971) bavemodeled the~iment.atio"of the b)9()d,bu(they nlade very

restrictive assumptionthat.the particle velocity did not depend upon timeorpositiop,
Whelan et a!' (1971) also made experimental measurements of the concentration

profile for the case oftryth!ocyte(red cell) sedimentation. in. hunlan blood SQO
(1967) also had experimental results for flow with sedimentation, Segre and
Si.lberoorg (1962 a,b} observed that spheres in laminarPoiseuillet]ow through a pipe
(~jowRe) accU.!fiu!ate in an annulus some distance nom thetuooaxis.. FolloWingthe
initial observations, a l1umbe'!ofinvestigators verif}rthis 'tubular pinch' eff~ and
attempfto explain the lateral (0. lift) forceact.in~oQthespheres[cf Jol1nsou,etal"
(1 990)}

lnUns p~er we
interactionJ!. Thatis, a term suchas,.,h(v)grad pi$ addoo{o.the.interaption, where
h(v) needs to be meMured experimentally. Wt canassumcns a first appro;1(in)atiQfl
that h(v)"'&v... fmituesiht
foUuwingform:

f1111""
t A4v {Wl- Wl)(V2- vv+ Asa..vm- A6vgradP,

Notice that when Ari "" 0, we recover the eql1atjon propose~by Johnson et.), (l990t

The dimensionless
onthe constitutivereJ.ation$given by fjquations(9), (lO), and (1..4) are derived by
Jolinson et at, (1991 a.,b).. For a st@dr fuJly dev~.lope4flow betWeen twoparaJJ.eJ.
plates, thevelocjty profiles~ndsolid$di$tributjonoonbe assumed to have the form:

VI ",,(Jr..,) i v
V2 "" Vi" )I" v:

¥"" V(y)

(18)

The equatioQs for consClyatiol1 or~ass. i...~, Eq.uatiol1s (4) a»d (5) are satisfied
a\ltom~ticaUY Sub$titLtting (is} and u$ing Equations (9) (10), and (if} .Into
Equations {6) was outlined in Johnson et
aL, (1991 a,t;) witlir~gatd to appr(j,1(jmati"g ~~~4aJ1d non-dimensionaHiing the

equations; we9Qtaih the.foltowulg equatio~s:

(191* V")V '
C

v'p_.~
oY

( "" )20



Briggs eta.!

6.3 [(v TV:

,. 

'+(2 'v' - l)v'U' 0 (21

Bt)v (Bl-i"B4)[Z(1+ V +N2)yIV' +(Zy + 1) (v1:

vn 1/2 ~rpr$
1~r'"I.~{. (U ~f{) , J;! _ 0-~"'C3V Vi V -V_+V~'-"'~

Fr £1Y

( "" ...4

where

A u r
}"o cO~
~--'~"""'"'

HI

!1;.i

Lg
Re fr 23)

The first 1wo equations are fot the fluidcomponenr in the X aI.1d Y directions
respectively. Equations (21) and (22) are for the soJidparticles,alld pc" y", L are
reference quanfiriesused in non--dimensionalizing the equations, and Re and Frate the
Reynolds and FrOLld nufr.1bers"respectjycly.

The buoyancy teffi1" ~vgrad pvanishes,in the limiting case asv~-tO. If~Q,
there is QO fluid, which meil)1stbere i$ nQ infertlction between the $olid and fluid.

BQ1(n,kli}'CQt.Witiol1

As we can see from the system o.fEquatI0Ils(I9) -(22) we needto$pecliY two
boundary conditions fortbeftuid.yeJooity V, t\\'oboundary conditions for the solid
velocity U, two boundary conditions fQt tbe.yoJ~me fraction v,andt\!"obourtdary
conditions tor the Buid pre$sure, p, As with all the numerical studies of
inypmpressibJefluids, tb~pr~S4re drop,wbichap~ars ill the equations of motjQPas
the gradient ..of the pres$qre, OOQses diffiCliJiies. Jngeneral" the pressUre is elimin~t.~d

press~l;e term accordingly, This hoWever, Jais~s ~Qe order of the differeQtial
equations, and as a resuJi there is now a l1e~ to provide additional b<:lundary
CQnditiollsonUle velocity fields.. JOtulSon etal., n99ra,b)Qs~this~pptoacho Jhthe
pre~ntstudy,however. due tQ ~hemclu$ion ofthes~auedQuoyancylorce, d~icted
asb(v}gradP ,th~ pressure term ~{SO appear$..Jn the momentum equations for the
solidparti'ii.le$ (Equ~tions .l9and ZO). Thu$, we necedto devise auumeric~l scheme
fortbis..jssu~ The d~taiJs are giveniu8riggs(I995)o Adherence boundary conditions
are appliedonbQtbconstitu~nts at eachp.lat~:

(24)U(~.1)=()(t
V(l) - V E l") - 0--,,-.c

The 

mass flow rate of the iUixtureis also prescribed as a condition.. ('ora t\\l9'
coltlponentmixturc,jt is;

:25)

vpsUldY

Qm

I

I {(I ) V"~j -v Pt
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SoU1etimes, instead we call use a volumetric flow rnte which is given by:

Q~l:L [(1 ~ V)V ".FvUldY

EquatiQus.(Z5) and (26) are related byQ","" pQ tor aneutraUybuoyant mixture,

1neaningwherepr= p,
Fotptobl~mswheregravitYaIldbuoyanqy effects are Important, the l1owrate

(jj'themixture should be the boundary condition to be $pecified, sulce it contains
densitiesofthecompon~ts. We have two boul1daryconditionsfor v: avwue of v at
a plate, ar.\da prescribed average volume fraction, defined by:

N""J..I vdY
,..l

For.non- symmetric solutions we .need to specifY N and a value for v(-l} as tbe
bou.ndary conditions Tben vO} is determined from the solution, fOf the case of
positive density difference, defined as prp" For the case of negative density
difteren~s,p,-~')f, v{-l}is..1hevalue obtained from the solution inthecase ofposit.ive
density diflerence probl~1as v(I), This is done to verify the a~c"racy ofbQth
solutions"

3. NtfM})Rl.CAL MEmODANDRESULTS

The method usedbere Is1he ooUclcatlonmclhod Th~detailsoruslngCOLSYS(;(jde
are described in thehead~r of theprQjSram.' The oodej$ capable ofs(j{vi.ngmixed-
order sY$tems ofbOund~ value pr()~l~$in ordinarydifferetltil(llequations. Error
tolerances on the volumeftaction, solid v~locity,t1~ldvelo(;i(y, integral boundary
cond}tl<ins, and their derivatives are specified as lO'~ Thesystemofequatiot\sls
rewrit(efiasslx e<luations incJ..udingtwoint.e~ra! b<>undary conditionsfof' solQtjon

uslngC0LSYS Defirtingthevar.iables by

YI "* NY2 c'""Q .Y'3"'~PY}4"" VY' ~'" V, Y6-;:; U"' Y."7 ~ U'1YS'""" y'" Y-..~9r=Yrl

c.,.. ,,'...,"t ,,", r" "~

ar~ ~xp.res~ in terms ofthenQt~tiops

defined in Equation (28),
The boundary conditions according lothedefin~dnotatiQnsare as follows (Pi:'

P~Q}

Y ( .1) 0 Y "'( 1) ()Y " 4(.1)Y6 ~( .1) 0 Y~8 (.1) 01- "'",iii-"", -='[1. ',..J.=, -.."""

.(30)Vl ( r ) -" y2( 1 ) -" " 6 ('1 ) - OY' 8( ""')~f O11 '~~2, 1'~!3) JU J-, .~~,.

FOf!Jcg(Jtivc densitydiff#tencc$,
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~

EffootofBouyanQyprtSq.(id Ve1ooityPrdfil~;p. =Q.l ,O.Q] ,O,(){)l, I?r= 1,
of' c"", "C3=(). L=O.,l;31=-50,.l;3;j= -50, Re = IO,Fr;: l, B ;:O,5fDl=2 , cD! ;:10,

Bj ;:it 1 , ~=l

Figure 2.
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~

Eff~lPf Bouyal)cYOfiVolume f;tAct.i~nrtoffie; Pr=Q..1. O,OJ ,O;OQJ..
p. :: l" QJ:::,:Q, L=O;B.. =-50" B" ::-~Q,Re = [0, Fr.=J. B=O.$,Dz=?
0, =10. B.. =1

Figure 4
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Figure $;
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~

l'jg1;/re 6 EffectofBouy~cyonFluid Velocity Prom~;p,( =0.1 , 0.01 ,O.~..I, p.= !,
CJ=O, L::; O,B1::; -50 ,B4=-50, Re = !O,Fr=l,B= 0.5, D2 =2, Dj =10,
B, ::;1
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>
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Volume Fraction
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I;igute7 Effect of Bouyancy on Volume Fraction Profile; p.= 1...0,0.1 , Pr=O 1,LO,
CJ=O, L=O.Bt= -50, B4= -50, Re = 10, Fr=.1. B =0..5, Di=2, O. =.10,
Bj ==.1
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DENSITY
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DENSITIES
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DBNSITIE S!'

F=O.OI S=1.0

~

Figure 1..1 Effect otBouy~cyonFLuid Velocity Profile; p.= 1,,0, 0..01 .Pr ::00 1., ..1,,0.
C3=O,L=Oo'B) == .50, B4==.50 iRe = 1.0, Fr=1.,B::O;$,Dz =2.. D} =10,

B) =1
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DENSITIES
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4. NOMEN(:LA'rURE

II

avrn

Ai
b
13,j

B..c
B..
C,j
CD
Cu
c'v.".
DD..

it
~1;'

F ...'r
g
1
L
L
L
N

P
p
Q
Qru

Re
T

t.lQ

(J

v
y
V
,~..
X

J
J{
X
Y
y

acceleration vector1 . I .
bre at.., eacce,cratlonetweeQcOmponehts

intera lion coefficients i'" 1 to S-c ...,

body C>l'ce vector
dimer ;Iomessq's i""o t04P '.
cQnst at partof.J3's
dimer iionlessparameter i""t,Z

..c

climer ,iomess Ai's t=2to 5.,
dimeI' uomess Ai's, i""2to 5
Basse force coefficient
virtua mass coefficient.
stret~ Ing1ensol'
almer, ,Ionless parameter 1=1., 2
intera tiontol'ce vector
defol'! i.ationgradient.
volurr. ~fractioQdependence of drag
FroulJ ~ number
gravit ,rional acceJ.erarion
idem.!' I. tensor
chara, terisric .length
gradi( 1to£ velocity tensor
dimelliilonless parameter
avera: e vl)lumefraction
auid J 'essul'e
dimel1 lomess fluidpressute
volun :ttic flow rate of mixture
mass ow rate ofIrtixtute
Reynolds number
stress I:ellsor
refere ce velocity component
..,
s'olid j "to'cit y'
,,' 'c"c -c

yeloc! y vector
f)tiid, ~ocity
dirtlen ilome5s v~IQcity vectQr
spin to nsor
dire<;t c>n oftIowb~tweeQ thep.lates
positij n vectQr
defol'! l.tiQQfimctipn
dimen ilOl1lcss po5iri9u ~ct9r
direct :In ~orn,a\ to plates
dilnell ilotlles5 Y
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